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Practical Information

Today’s lecture:

◦ stand-alone lecture: for information and not part of the course exam,

◦ clustering:

∗ explanation of idea/concept and its relation to data structures,

∗ impacts of clustering on data analysis,

∗ limited discussion of methods for dealing with clustering:

introduction1 to random effects (mixed) models and fixed effects models.

More information:

◦ VER2 textbook: Chapters 20−23,2

◦ Introduction to Multilevel Modelling course in May (which you should have re-

ceived information about).

Schedule:

◦ review session: tomorrow (Wednesday 6/4), 1-4pm, online,

◦ exam: Friday 8/4, details from Ian.
1 The objective here is not to enable you to carry out data analysis.
2 The lecture content corresponds roughly to 20.1−3, 20.5.1−2, 21.1−2 and parts of 22.1−2.
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What is Clustering and Clustered Data?

This terminology is used in the VER2/MER texts and broadly in vet-epi, but is not

unique or standard, and the term cluster is also used in multivariate and spatial

analysis with a somewhat different meaning.3

Clustering of data (values) loosely represents situations when some observations are

more similar than others, for reasons not explained by other factors of interest or

accounted for explicitly in the modelling. Simple examples:

◦ body dimensions of humans/animals are “more similar” for individuals of same age

and gender (and breed), but these relations are typically known and controlled for,

◦ performance is (often) “more similar” of individuals within the same unit (e.g.

family, school, workplace, farm) than between different units; although individuals’

membership to units is known, such relations can exist beyond what is explained

by unit characteristics (⇒ is unexplained variation).

Statistically, unexplained (dis)similarity between values is expressed by their correlation:

◦ more (less) similar within a cluster ⇒ positively (negatively) correlated,

◦ independence ∼ no clustering.

Key message: clustering implies lack of independence!
3 Observations within a cluster are closer together (around the cluster centre) than between clusters.
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Hierarchical Data Structure

A hierarchical data structure, typically implying both of the following:

◦ observations grouped at different levels,

◦ factors (e.g. treatments) reside (or are applied) at different levels.

may induce clustering in the data, that is, some observations are more alike than

others, or put in another way: the observations are no longer independent.

Typical example from

veterinary epidemiology:

(usually, only some of the

levels are present)
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Note: “time” as a bottom level ∼ longitudinal data / repeated measures on the same

animal, and raises some additional modelling issues (next slide, and VER2 Chapter 23).

A common usage is that levels are nested within each other, e.g. that animals are

nested within litters or pens are nested within herds.
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Other Data Structures with Clustering

◦ Repeated measures:

∗ several measurements of a variable taken on the same animal (or other unit of

observation) over time,

∗ on previous slide indicated as an extra level at the bottom of the hierarchical

structure diagram, but repeated measures also possible at intermediate levels,

∗ correlation between two observations may depend on the time between them,

◦ Spatial data structure:

∗ correlation between two units of observation may depend on the physical dis-

tance between them (e.g. herd locations, cows within a barn, or plots in an

agricultural field),

∗ spatial correlation may occur at any level in the hierarchy,

◦ Non-nested data structures:

∗ may be due to imperfections in a hierarchical structure, e.g. an animal switches

herds during the study,

∗ may also be because levels are not nested but crossed, whereby units at one

level are not necessarily together at higher levels (e.g., fish at the same farm are

not necessarily from the same hatchery),

∗ also multiple membership, where a unit “belongs to” multiple higher level units.
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Somatic Cell Count Datasets

scc_40 − a real somatic cell count dataset:

A subset comprising 40 herds from a large dataset collected in 1993-94 by Jens Agger

and co-workers including about 2150 Danish herds and 150 000 cows followed through-

out one lactation. The data contain approximately monthly milk records plus infor-

mation collected through herd questionnaires.

Variable Description Values

herdid herd id 1 − 40

cowid cow id 1 − 2178
test approximate month of lactation 0 − 10
t_lnscc natural log scc (in 1000s) on

test day 2.3 − 9.2
t_dim days in milk on test day 10 − 305

t_season season of test day 1 − 4 (1= Jan-Mar, etc.)
c_heifer parity of cow 0/1 (1=heifer)

h_size average herd size 10.3 − 101.5
t_ecm energy-corrected1 milk yield 2.2 − 68.5

1 computed by the formula:

ecm = kgmilk(0.383 fatpct+ 0.242 proteinpct+ 0.7832)/3.14.

Subdataset scc40_2level: only first observation per lactation included

⇒ one observation per cow.
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Reunion Island Study

◦ carried out 1993-1996 on Reunion Island (Emmanuel Tillard, CIRAD),

◦ data analyzed 1996-2000 (with a strong helping hand from Ian Dohoo), and results

communicated to the cattle industry and published 1999-2001.

Objective: identify the factors and levels at which most of the variability in reproduc-

tive performance resides . . . where interventions are likely to have the most effect.

Reproductive performance in cows measured by time from calving to conception, which

is composed of

◦ time from calving to first service,

◦ conception from first service (yes/no),

◦ if no, time from first service to conception.

Data size

and structure:
Per unit at level above

Level Number of units Average Range

Region 5 − −
Herd 50 10.0 3−16
Cow 1575 31.5 8−105

Lactation 3027 1.9 1−5

– no cow movements between herds (∼ strict hierarchical structure).
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Why is Clustering Important?

Two main answers:

◦ it may have strong and not easily predictable effects on the results of the statistical

analysis, because it invalidates the assumption of independence made by models

such as multiple linear and logistic regression;

— a few remarks on ignoring clustering:

∗ may affect both the estimates themselves (bias!) and their precision (confidence

intervals, tests),

∗ the impact depends on the statistical model/method used, and on whether the

predictor varies between or within clusters,

∗ even when the clustering is small and perhaps not significant, it should be

accounted for whenever feasible.

◦ it leads to a separation of the variation in the data which may be of intrinsic

interest; examples:

∗ somatic cell count example (2-level version):

variation split into between-herd and within-herd (or between-cow) variation,

∗ reproductive performance in Reunion Island example:

variation split into components for (region), herd, cow and lactation,

— in both examples: the components indicate where there is largest potential for

improvement.
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Simulated Data Results

Simulated datasets (so we know what the true values are. . . ):

◦ 100 herds with an average of 116 cows (range: 20–311),

◦ single binary predictor x, with equal distribution of 0’s and 1’s, either at the herd

level (“feeding type”) or at the cow level (“hormone treatment”),

◦ continuous outcome (“milk yield”): mean: 30, effect of x: β = 5,

◦ binary outcome (“mastitis”): logit(p) mean: -1.4, effect of x: β = 0.693 (∼ OR=2).

Results (of a single simulation of each dataset):

Outcome Continuous ∼ linear models Binary ∼ logistic models
Approach No clustering Mixed model Herd averages No clustering Mixed model

Parameter estimate SE estimate SE estimate SE estimate SE estimate SE

Dataset 1: x as a herd level factor

x 3.557 0.200 3.796 1.496 3.779 1.497 0.529 0.042 0.620 0.204

constant 30.021 0.146 31.137 1.059 31.166 1.059 -1.242 0.033 -1.305 0.145

Dataset 2: x as a cow level factor

x 4.982 0.199 4.968 0.149 – – 0.586 0.042 0.697 0.046

constant 29.257 0.141 30.646 0.728 – – -1.250 0.032 -1.361 0.111

Conclusion: effects of clustering seen both in the estimates (espec. binary outcome)

and their precision (espec. herd-level x).
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Variance Inflation

Special case for understanding the effect of clustering:

herd (cluster) level predictor x (quantitative/categorical), herds of equal size (m) and

(for simplicity) normally distributed outcome:

◦ estimate(s) for x: unaffected by the clustering,

◦ SE(s) for x: multiplied by
√

VIF, the variance inflation factor (VIF4), given by5

VIF = 1 + (m−1) ρ,

where ρ is the intra-class correlation (ICC) between two observations in a herd,

◦ VIF may be interpreted as a measure of the loss of accuracy/power due to the

clustering.

Some implications (for this particular situation):

◦ easy to correct for clustering (scale up SEs by
√

VIF),

◦ easy to correct sample size calculations for clustering:

(multiply required sample sizes by VIF),

◦ a low ICC with a moderate group size can have as much impact as a high ICC with

a small group size,

◦ even low ICCs lead to high variance inflation when the group size is large.
4 Not related to variance inflation factors for collinearity in multiple regression.
5 The variance inflation is basically on the herd means: Var(Ȳ ) = (σ2/m) × VIF.
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Mixed Models and Variance Components for Continuous Data

Synthesis:

◦ mixed models extend ordinary linear models (regression and ANOVA) to take into

account “clustering”.

Contents:

◦ introduction to mixed models and modelling

∗ theory (gently), notation and practice,

∗ very brief overview of main modelling steps,

◦ Stata computer demonstrations.

Terminology and relationships:

◦
mixed

random effects

variance component







models − the same,

◦ “mixed” ∼ containing both fixed and random effects,

◦ multi-level

hierarchical

}

models − the same, and special type of mixed models,

◦ variance components are mathematical constructs used in mixed models.
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Conceptual Example (Review)

Consider the following problem:

◦ study of risk factors for (high) somatic cell counts (e.g., as a crude indicator of

mastitis),

◦ one recording (for simplicity) of the cell count in a milk sample from each cow;

in total, n cows,

◦ additional recordings of explanatory variables for each cow, such as lactation stage

(days in milk), age, breed,. . .

◦ also explanatory variables at the herd level, e.g. housing type, herd size,. . .

◦ linear model:

Yi = β0 + β1x1i + . . . + βkxki + εi, or Y = X ′β + ε

where

∗ Yi = (natural) log somatic cell count for cow i, i = 1, . . . , n,

∗ xri’s contain values of the explanatory variables,6

∗ (β0),β1, . . . , βk are regression coefficients for x’s,

∗ εi = error term ∼ N(0, σ2).

6 In this notation (from the VER2 textbook), we use xri instead of the usual xir; X
′ = (xri)ir is the n×(k+1) design

matrix, including as (x0i) a column of 1’s.
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Mixed Model for Hierarchical Data

Simplest case ∼ extended cell count example, for measurements on cows in several

herds,

Yij = β0 + β1x1ij + . . . + βkxkij + uj + εij, or Y = X ′β + u + ε

where

◦ Yij = log somatic cell count for cow i in herd j,

◦ uj = random jth herd effect ∼ N(0, σ2
h),

◦ σh = scale of random herd effects, interpretable as the amount of random variation

in log-scc between herds;

∗ e.g., 95% of herds expected within 0 ± 1.96σh,

◦ i = cow number, j = herd number.

Definitions (non-Bayesian terminology):

◦ “random” effect: a model term (right hand side) which is a random variable (often

not counting the error term ε),

◦ “fixed” effect: modelled by non-stochastic parameters (β’s, often not counting the

intercept β0),

◦ mixed model: both fixed and random effects.

12aL-12



Random Effects

– the only new concept in mixed models,

– enable a separation (and quantification) of variation at different levels in the data,

– enable correct analysis of predictors at different levels within the same model,

– involve additional assumption(s) of normal distribution and variance homogeneity.

Motivations for random effects (decreasing importance):

◦ hierarchical data structure:

∗ rule: insert a random effect for each hierarchical level above the bottom level

(exceptions: 12aL−17),

◦ correct analysis of treatments allocated to larger exper. units (“split-plot” idea7),

◦ factor where interest is in the variation between units (within a level) rather than

specific units in study:

∗ units may be randomly selected,

∗ units should represent “population” − to which the conclusions from the study

may be generalized,

◦ avoid many (nuisance8) parameters in model/estimation.
7 Split-plot designs are experimental designs where treatment factors are applied to units of different sizes; discussed

in detail in regular version of VHM 802, and in the GO textbook.
8 Of no or little intrinsic interest.
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Mixed Model for Somatic Cell Count Data

◦ data: 2-level somatic cell count data (scc40_2level),

◦ outcome: log somatic cell count (t_lnscc),

◦ fixed effects: season (categorical), dim, heifer, hsize (all quantitative),

◦ random effects: herds (note: only 1 observation per cow in these data).

. mixed t_lnscc h_size c_heifer i.t_season t_dim || herdid:, reml

Mixed-effects REML regression Number of obs = 2178

Group variable: herdid Number of groups = 40

Obs per group: min = 12

avg = 54.5

max = 105

Wald chi2(6) = 244.36

Log restricted-likelihood = -3624.9622 Prob > chi2 = 0.0000

------------------------------------------------------------------------------

t_lnscc | Coef. Std. Err. z P>|z| [95% Conf. Interval]

-------------+----------------------------------------------------------------

h_size | .0040837 .0037726 1.08 0.279 -.0033105 .0114778

...

_cons | 4.641202 .1974215 23.51 0.000 4.254263 5.028141

------------------------------------------------------------------------------

Random-effects Parameters | Estimate Std. Err. [95% Conf. Interval]

-----------------------------+------------------------------------------------

herdid: Identity |

var(_cons) | .1491533 .0436191 .0840821 .2645832

-----------------------------+------------------------------------------------

var(Residual) | 1.557228 .0477206 1.466451 1.653625

------------------------------------------------------------------------------

LR test vs. linear regression: chibar2(01) = 97.01 Prob >= chibar2 = 0.0000
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Variance Components

Always a decomposition of the total variation:

total variation = fixed effects variation + random variation, 9

Additionally in random effects models — a decomposition of the random variation.

2-level model − cell count example (herds−cows):

◦ Var(Yij) = σ2 + σ2
h (= total unexplained random variation),

◦ variance components σ2 and σ2
h,

◦ of the total random variation, σ2
h/(σ

2+σ2
h) resides at the herd level, and the rest

at the cow level; the former is also termed a variance partition coefficient (VPC),

◦ ICC 10 = σ2
h/(σ

2+σ2
h), often denoted ρ (as a correlation coefficient).

Multilevel models — Reunion example (herds−cows−lactations):

◦ Var(Yijk) = σ2 + σ2
c + σ2

h,

◦ proportions of variance (VPCs) at different levels in the obvious way,

◦ two ICCs:11
{

lactations of same cow : (σ2
c+σ2

h)/(σ
2+σ2

c+σ2
h),

lactations in same herd : σ2
h/(σ

2+σ2
c+σ2

h)
,

9 Least squares decomposition:
∑

(Yi − Ȳ )2 =
∑

((X ′β̂)i − Ȳ )2 +
∑

(Yi − (X ′β̂)i)
2

10 Intra-class (or -cluster) correlation coefficient: the correlation between two observations in the same class/cluster.
Alternative interpretations of clustering as: variation between clusters, or correlation within clusters.

11 General formula: sum of variance components of common random effects divided by sum of all variance components.
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Statistical Inference in Linear Mixed Models

◦ mostly based on the (maximized) likelihood function, approximate and assuming

normal distributions for all random terms,

◦ maximum-likelihood estimation, in two versions12 with similar results, of which you

need to choose one and stick with it,

◦ tests and confidence intervals — two options:

∗ Wald statistics for fixed effects: based on standard errors and estimated corre-

lations between estimates,

– 95% confidence intervals: β̂r ± 1.96× SE(β̂r),

(better to use t∗ ∼ t-distribution with suitable df 13, but similar if df is large),

– simple to compute, for fixed effect parameters usually ok,

∗ likelihood-ratio tests, based on optimal values of likelihood function (actually,

differences of −2 logL):14

G2 = 2(logLfull − logLred) ∼ χ2(df),

where df = number of parameters being tested equal to zero,

– the only appropriate test for variance parameters, 15

– likelihood-based confidence intervals also possible (advanced).

12 Restricted maximum likelihood estimation (REML) and (full) maximum likeihood estimation (ML).
13 In Stata 14+, options dfmethod(satterthwaite) or dfmethod(kroger); same options in Minitab 18+.
14 Caution for fixed effects parameters and REML estimation: beware to not use the restricted likelihood. Stata’s

lrtest command gives a warning note.
15 Note: the P -value should be half the value from χ2(df) when testing H0 : σ2

h
=0. (Stata does this per default.)
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Fixed Effects Modelling

Fixed effects modelling: enter the herds (clusters) into the model as a categorical

variable, to estimate a separate parameter for each herd (but one).

Typical use: if number of units is small and/or unrepresentative of a population, and

no predictor has variation at that level — this most often occurs at the highest level.

Advantages and disadvantages of fixed effects modelling:

+ generally very easy to carry out (e.g., a 2-level model will have no random effects),

+ avoids distributional assumption about herd effects,

+ avoids taking the herds as representative for a population (which might be inap-

propriate if the number of herds is small),

+/− estimates are specific to actual herds in the study (cannot be generalized to a

population),

– does not allow for herd-level predictors,

– does not give an estimate of the variance between herds,

– may lead to biased estimates for other fixed effects when the number of herds is

large, in particular for non-normal models.
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Mixed Models for Discrete Data

Synthesis:

discrete mixed models — usually called generalized linear mixed models (GLMMs) —

extend and combine linear mixed models and generalized linear models,

◦ intuitive and flexible modelling of clustering by means of random effects,

◦ but interpretation of models are less straightforward than in LMMs and GLMs,

∗ fixed effects come in two versions: cluster-specific and population-averaged,

∗ variance components more difficult to estimate meaningfully (and maybe vari-

ances are less meaningful for discrete data anyway),

◦ and statistical analysis of GLMMs is not as simple as we would want/are used to:

many methods exist16, and none has proven generally superior or always useful.

Contents:

◦ very brief introduction to random effects logistic regression model,

◦ overview of statistical inference (but no details),

◦ brief Stata demonstration.

16 The most important alternative to mixed models is arguably estimation by so-called Generalized Estimating Equa-
tions (GEE), Section 23.5 of VER2.
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Random Effects in Logistic Regression

Logistic regression: the linear modelling of x’s is at logit scale.

Idea: put random effects also at logit scale.

Somatic cell count example (conceptual continuation):

◦ Let Yij = binary disease status wrt. clinical mastitis for cow i in herd j,

◦ let pij = Pr(Yij = 1) (disease probability),

◦ model with random herd effects (uj):

logit(pij) = β0 + β1x1ij + . . . + βkxkij + uj, (1)

where uj ∼ N(0, σ2
h), and σh is the dispersion (standard deviation) among herds

in logit(disease probabilities):

∗ σh=0: no disease clustering in herds (after accounting for fixed effects),

∗ σh large: strong disease clustering within herds (obs. in a herd are very alike),

and large variation between herds (obs. are very different between herds).

∗ value of σh has no simple interpretation for p’s.

Note: Equation (1) is conditional on the uj’s and gives the probability of disease for

fixed uj’s
17; animals within a herd are also assumed conditionally independent.

17 To compute pij when the herd random effect is unknown (a marginal probability) is difficult and can only be done
numerically; Stata’s margins command will do this after some model estimations.
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Pig Data Example

We revisit the pig_adg dataset (Model-building exercise), and occurrence of pneumonia

and its dependence on atrophic rhinitis (dichotomized at ar> 1); random effects model:

pij = Pr(pnij=1), for pig i in herd j,

logit(pij) = β0 + β1 ar_g1ij + uj,

where uj’s are the random herd effects, assumed ∼ N(0, σ2
h).

Results from ML-estimation

in Stata (melogit command):
Statistic no clustering mixed logistic

β̂0 (SE) -0.145 (.156) 0.020 (.301)

β̂1 (SE) 0.647 (.220) 0.437 (.258)

z-test# 2.93 1.69

P -value 0.003 0.091

σ̂2
h (SE) — 0.877 (.433)

logL -230.59 -213.51

# for H0 : β1=0

◦ quite strong random effects, e.g. big improvement in logL (∼ clear significance

against H0 : σh=0), and an estimate σ̂h of moderate magnitude,

◦ much smaller estimate for β1 by GLMM than GLM (probably due to confounding

by herds), with much larger P -value,

◦ also change in β̂0 and in particular in its SE (because now a herd-level parameter).
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Reunion Island Data Example

Binary outcome = conception at first service (yes/no):

◦ observed in each lactation of the participating cows,

◦ 3-level data structure (disregarding for now the 5 regions at the top level):

3027 lactations — 1575 cows — 50 herds,

◦ overall conception rate: 1302/3027 = 0.43,

◦ fixed effects: heifer, ai and log calving to first service interval (lncfs).

Random effects logistic regression:

logit(pijk) = β0 + β1 heiferijk + β2 aiijk + β3 lncfsijk + vk + ujk, where

– pi = prob. of conception in lactation i of cow j in herd k,

– vk ∼ N(0, σ2
h) and ujk ∼ N(0, σ2

c).

Parameter estimates (from Stata’s melogit command):

intercept : β̂0 = −1.515 (SE= .446); heifer coef. : β̂1 = −0.062 (SE= .097),

ai coef. : β̂2 = −1.023 (SE= .131); lncfs coef. : β̂3 = 0.497 (SE= .102),

herd variance : σ̂2
h = 0.073 (SE= .036); cow variance : σ̂2

c = 0.280 (SE= .122).

— very small random effects. . .
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Statistical Inference for GLMMs

Maximum-likelihood estimation is our preferred choice18, but numerically difficult be-

cause logL has no exact form and needs to be approximated by numerical integration

(quadrature) ⇒ maximization of logL is even more difficult. . .

◦ ML-estimation in Stata for GLMMs is superior to all other general statistics pack-

ages19, but may still cause numerical problems (watch out for trouble with the

convergence),

◦ fixed effects estimates have cluster-specific interpretation (i.e., apply to units from

the same hierarchical units) ⇒ care is needed with wording, and one should con-

sider whether this is the desired interpretation (see Section 22.4.1 of VER2 for

discussion),

◦ tests and confidence intervals — also here two options:

∗ Wald tests and CIs: approximate and crucially relying on sensible estimated

standard errors20 (same as for ordinary logistic regression),

∗ likelihood-based tests and CIs: generally more precise, but less accessible.

18 Bayesian estimation is a valid and definitely not inferior alternative, but beyond our present scope.
19 For other statistical software, one should check what approximation is used; some are of so poor quality that logL

values are pretty useless for inference.
20 Do not use Wald procedures in the presence of numerical problems caused by perfectly fitted cells or other fixed

parameters at the boundary.
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